Abstract -In this paper, we consider a dead-oil model where the capillary pressure is neglected. In a multidimensional space and for a phase-by-phase upstream weigthing cell-centered finite volume scheme, we prove the pressure estimates, the existence of solutions to the discrete equations and the stability of the saturation calculation. This is done in the explicit case as well as in the implicit case. Some numerical tests show the convergence of the scheme.
Introduction
The modelling of multi-phase flows in porous media plays an important role in several industrial settings. For example, in petroleum engineering, such a modelling steps in different levels. First, in basin evaluation, geologists need to reconstruct the migration of hydrocarbon components over the geological times in order to locate new oilfields. Later, the reservoir engineer should be able to foresee the evolution of the production for the next ten years.
We could mention a large number of other examples where multi-phase flows can be applied and the variety of applications has led to a lot of material on this topic. In [6, 7] , we find the mathematical models which derive from the study of these phenomena. Other references are dedicated mainly to the reservoir simulation [10] or to the basin evaluation [34] . The mathematical analysis of these models and of related theoretical problems has been extensively studied (see for example [1-3, 9-13, 19, 21, 22, 25, 27, 28] ).
Here, we consider the dead-oil model widely used in petroleum engineering. Neglecting the capillary pressure, this model can be written as 
where
• φ denotes the porosity of the medium,
• Υ is the absolute permeability of the rock depending only on the porosity φ,
• subscript 1 represents the nonwetting phase and the subscript 2 denotes the wetting phase,
• u and p are respectively the saturation of the nonwetting phase and the pressure of the fluid,
• ρ α is the density of the phase α, α ∈ {1, 2},
• − → g is the gravity acceleration,
• η α is the mobility of the phase α depending only on the saturation u.
Several numerical methods have been applied in the past decades to discretize the dead-oil model: finite difference methods [5, 29] , hybrid and mixed finite element methods [4, 10, 15, 16] and finite volume methods. This last type of methods is easy to implement in practice and cheap in terms of computational costs. They are divided into two subcategories, control finite volume methods [23, 24] and cell-centered finite volume methods [18] .
The aim of this paper is to study a particular cell-centered finite volume scheme called the phase-by-phase upstream weighting scheme. This scheme is commonly used in the petroleum industry in its time explicit form (see equations (9)- (11), (15) ) as well as in its time implicit form (see equations (9) , (23) , (26) , (27) ).
Due to the presence of gravity terms its mathematical study was often limited to the 1-D case. In that case, the scheme is monotone and thus converges toward a weak entropy solution [8, 30, 31] . Without gravity and under various assumptions, extensive results have recently been obtained in a multidimensional space. Setting the total throughput, the existence of a unique solution to the implicit saturation system (9) , (27) has been proved in [17] . With linear mobilities the convergence of the coupled system (9), (23) , (26) , (27) was established in [33] and [18] . Finally, taking into account the capillary pressure, the existence of solutions to the implicit coupled system in pressure-saturation and its convergence has been proved in [20] .
In this paper we deal with the finite volume approximations (9)-(11), (15) and (9), (23) , (26) , (27) of problem (1) in a multidimensional case.
Some new mathematical problems arise: the existence and uniqueness of a solution to problem (1) are not yet solved. In the monodimensional case, the total throughput is constant along the domain. But this peculiar property cannot be used in higher dimensions to suppress the coupling between the two conservation equations. Therefore the so-called "pressure equation" depends on the saturation in a nonlinear way whereas the transport equation (the "saturation equation") appears as a nonlinear hyperbolic problem. In this case the framework of entropy solutions should be used in order to yield some uniqueness properties and thus strong convergence properties for numerical schemes. Unfortunately the fluxes are not necessarily Lipschitz continuous, which is a required property in order to get the uniqueness result. Thus we are currently not able to carry out a complete mathematical analysis of (1) through, which narrows the convergence results of the corresponding numerical schemes (see section 2.4).
This paper is a first step in this direction proving the existence of a discrete solution to the upstream weighting scheme and then proving some estimates which yield some regularity on the solutions. It was therefore necessary to get some numerical evidence of the current convergence properties. Thus, this paper is organized as follows.
For both explicit and implicit forms of the scheme, we first introduce the finite volume discretization (see sections 2.2 and 2.3). Then we state the pressure estimates (Propositions 2.2 and 2.4), the L ∞ stability of the saturation schemes (Propositions 2.3 and 2.5) and the existence of solutions to the discrete equations (Propositions 2.2 and 2.6). We close this mathematical part by mentioning the difficulties to prove the convergence of the upstream weighting scheme in an appropriate sense (section 2.4). The last part is devoted to numerical examples which show, in particular, the numerical convergence of the scheme (section 3) and we end this paper with concluding remarks on open problems (section 4).
First of all, we give a more precise formulation of the mathematical model. Let us consider a two-phase flow in a porous medium Ω, composed of a single isotropic rock. The absolute permeability is therefore a scalar function of the porosity. The geometry of the domain is fixed over the time and the porosity depends only on Ω. Both phases are supposed to be immiscible, incompressible with constant viscosity and composed of only one component. We denote by T the duration of the flow. Taking into account the gravity effect and the pressure gradient, the generalized Darcy law states that the saturation u : Ω × (0, T ) → R and the pressure p : Ω × (0, T ) → R are solutions to the following system:
We assume that the boundary of the domain is impermeable, i.e.:
where − → n denotes the unit normal outward to ∂Ω. With such conditions, the pressure field is known up to an additive constant. For almost every x ∈ Ω, the initial values of the saturation are given by
Throughout this paper, the following hypotheses are taken for granted.
Assumptions 1.1.
H1-1.
Ω is an open polygonal bounded connected subset of R d (in practice d = 1, 2 or 3) and T a positive given constant.
H1-2.
φ ∈ L ∞ (Ω) and 0 < φ(x) < 1 f or a.e. x on Ω, Υ ∈ L ∞ (0, 1) and 0 < C Υ,inf Υ(a) C Υ,sup f or a.e. x on (0, 1),
where C Υ,inf and C Υ,sup depend on the rock properties.
H1-3.
We assume that for all α ∈ {1, 2} η α : R → R + is a Lipschitz continuous function. In particular, the function η 1 is nondecreasing and
Conversely the function η 2 is nonincreasing and
Moreover we assume that the total mobility is bounded away from 0, i.e.
e. x on Ω.
H1-5.
For all α ∈ {1, 2}, the densities ρ α are constant and ρ 1 < ρ 2 .
We use the following notations:
After having specified the mathematical background, we now broach the study of the phase-by-phase upstream weighting scheme.
Finite volume schemes
Before describing the scheme, let us define an admissible discretization of the domain Ω × (0, T ) for the cell-centered finite volume method. • E stands for the set of edges. For all σ ∈ E there exist a hyperplane E of R d and a control volume K ∈ T such thatσ = E ∂K and σ is a nonempty open subset of E. We denote by E K the subset of E composed of the edges of the volume K. Then we have ∂K = σ∈E Kσ . For any σ ∈ E, we have 
The set of neighbouring volumes of the volume K is represented by N (K) = {L ∈ T , σ = K|L ∈ E K }. The unit normal of an edge K|L ∈ E int outward to K is denoted by − → n K,L . For an edge σ ∈ E ext , − → n σ stands for the unit normal outward to Ω. The area of an edge σ is denoted by m(σ).
• P refers to a family of points (x K ) K∈T satisfying the following properties:
-for σ ∈ E ext , if d σ stands for the euclidean distance between x K and σ, then the transmissivity τ σ through σ is equal to
For the sake of simplicity, we restrict our study to constant time steps. This paper be can easily generalized to variable time steps.
Definition 2.2 Admissible time discretization of (0, T). The discretization N of (0, T ) is composed of a pair (M, δt) ∈ N × (0, T ) such that T = M δt. The increasing sequence of dates (t n ) n∈{0...M } which discretizes (0, T ) is given by t n = nδt. 
Explicit case
2.2.1. Explicit scheme Let D be an admissible discretization of the domain Ω × (0, T ) (Definition 2.3), K ∈ T and n ∈ {0 . . . M }. For any function v, we denote by v n K its approximation over the volume K and the time interval [nδt, (n + 1)δt). First, we formally integrate the equations of system (2) over K and (nδt, (n + 1)δt):
where − → n stands for the unit normal vector outward to ∂K. Taking into account the boundary conditions and using a time explicit formulation for the saturation and a time implicit formulation for the pressure, we have
Finally, approximating the normal gradients with a centered finite difference scheme and writing the approximation of various terms with respect to their discrete unknowns, we have
, and for any discrete quantity 
For α ∈ {1, 2}, the mobilities (η α ) n+1 K|L are calculated using the upwind saturations with respect to the flow direction of the phase α, i.e.,
Remark 2.1. We put the superscript n + 1 to (η α ) K|L since it depends on δp n+1 K,L . The initial condition is discretized by
Summing the equations of system (7), we obtain
This equality can also be rewritten as
K,L and, substituting this expression into (7), we get
Definition 2.4 Function F. Using (8), we introduce the function F
defined by:
1. if Q 0 and G 0:
2. if Q 0 and G > 0:
For Q < 0, we set
Remark 2.3. F is nondecreasing Lipschitz continuous with respect to its first argument and nonincreasing Lipschitz continuous with respect to its second argument. Both Lipschitz constants are bounded by C η (|Q| + |G|). (For the proof of these results and the definition of C η , see Lemma A.1.)
Using this new function, equation (12) can be rewritten as
Estimates on the pressure and existence of a solution to the scheme
Pressure estimates Now we prove L 2 -pressure estimates which will then enable us to prove solutions to system (9)-(11), (15) . Definition 2.5. Let Ω be a domain satisfying H1-1 and M an admissible mesh in the sense of Definition 2.1. One defines the set X (M) of piecewise constant functions over the control volumes of M. For u ∈ X (M), its discrete H 1 -seminorm is defined by (9)- (11), (15) . Then there exists a constant C 1 depending only on C Υ,inf , C Υ,sup , β, γ, ρ 2 , g, d and Ω and not on D nor on
Proof. First we establish that there exists a real number C 2 , depending only on
Multiplying equation (10) and summing over all control volumes we end up with
This amounts to saying that
otherwise.
Gathering by edges in E 1 , we transform it into
Similarly, we have
Due to the Cauchy-Schwarz inequality we can write
.
Taking into account Assumptions 1.1 and the inequality
we can bound the first term of the right hand side by
Using the inequality ∀(x, y) ∈ R 2 , xy
, we can bound E 2 by
Finally, collecting the previous inequalities,we have (17) . Let us now consider the edge K|L ∈ E int . If the upwind saturations (8) are the same for both phases, then, according to H1-3, we have
Conversely, if both fluids flow in opposite directions, we have either
From these inequalities we deduce that
and summing (18) over all edges, we obtain
where χ A = 1 if the condition A is satisfied and 0 otherwise. Note that
Moreover, we have
Thus, setting
, we infer (16). (9)- (11), (15) , such that
where C η is defined in lemma A.1.
Proof. From inequality (16) it is straightforwardly seen that
Consequently,
where C K|L depends on the mesh M, the constants C Υ,inf , C Υ,sup , β, γ, C 1 , C 2 , ρ 2 , g, d and the domain Ω. Finally, we have
where C M depends on the same parameters as C K|L . 
2 , the solution of the system (9)- (11), (15) satisfies
where C 4 depends on C Υ,inf , C Υ,sup , β, γ, ρ 2 , g, d and Ω.
Proof. With Neumann's boundary conditions, the pressure is known up to an additive constant. Therefore we can suppose that
Then we can apply the Poincaré-Wirtinger inequality (for the proof see [18] ): Lemma 2.1. Let Ω be a domain satisfying H1-1 and M an admissible mesh in the sense of Definition 2.1. For all v ∈ X (M), there exists a real value of C 5 0 depending only on Ω such that
We get the result setting C 4 = C 5 C 1 2 .
Existence of a solution to the scheme
The following proposition gives the existence of a solution to (9)- (11), (15) . Its proof relies on the use of the topological degree (see [14, 26] ). 
2 to (9)- (11), (15) .
Proof. For all n ∈ {0 . . . M }, the existence of u n+1 M is directly a consequence of (9), (15) . The problem is to prove the existence of p n+1 M , u n M be given. This is done below, suppressing the superscript n for simpler notations.
We set N = card(T ) and denote by 
On the one hand, the continuity of the functions x + and x − implies the continuity of the mapping ψ λ with respect to p M and, on the other hand, from H1-3 we also deduce the continuity of this mapping with respect to λ . Furthermore, 0 R N / ∈ ψ λ (∂ω). Reproducing the proof of Proposition 2.2, we obtain the L 2 -pressure estimate (19) for a solution to the system ψ λ = 0 R N . Thus we can define the topological degree d(ψ λ , ω, 0 R N ). For λ = 0, the system ψ λ = 0 R N reduces to ∀K ∈ T \ {K 0 },
This linear system has a unique solution. Indeed, let us assume that this system can be written in the form A p = b and that there exists an infinite number of solutions. Let p 0 be one of them. Then, for all λ ∈ R, the vector field p 0 + λq is a solution of the previous system with q = 0 R N , a solution to the homogeneous system. Thus p 0 + λq L 2 (Ω) → +∞ as λ → +∞. But this result is in contradiction with the L 2 -pressure estimate. Therefore the previous linear system inevitably has a unique solution.
Finally, the invariance of the topological degree by a continuous transformation implies
But note that for λ = 1 we have the system of equations (10), (11) . So the above equality conludes the proof.
In the following section, we state the L ∞ -stability of the saturation calculation. 
Saturation estimate
2 , n ∈ {0 . . . M } be a solution to (9)- (11), (15) such that δt satisfies the Courant-Friedrichs-Lewy (CFL) condition
where C η is defined in Lemma A.1. (Using Corollary 2.1, it suffices to take δt C M for a given M to ensure that the solution (u 
Proof. We first define the function H by
Using Lemma A.1 and condition (20) , H is an increasing function for each of its arguments. We then prove (21) by induction on n.
For n = 0, due to Assumption H1-4 and the definition of u 0 K , (9), we have
Suppose that (21) holds for n ∈ {0 . . . M }. It follows then that
We also have 0 = H(0; ...; 0) H(min
Remark 2.4. For all u ∈ (0, 1) and for each control volume K such that m(∂K∩∂Ω) = 0, we have
The above equality is not satisfied for a volume K such that m(∂K ∩ ∂Ω) = 0 since, in such a case, we have
We will now prove the same results for the implicit scheme.
Implicit case
2.3.1. Implicit scheme Let D be an admissible discretization of the domain Ω × (0, T ) (Definition 2.3). Using the same notations and reproducing the same process as in section 2.2, the implicit scheme is given by
For each phase, the upwind saturations are chosen according to the sign of the quantities
K,L , as in the explicit case, but they are taken at the time step n + 1. The initial condition is given by (9) . Introducing the total throughput, Q n+1 K,L , we have
So system (22) can be reformulated as
We notice that, like the explicit case, we have for all n ∈ {0 . . . M } ∀K ∈ T ,
Equation (24) can also be expressed with the function F given by Definition 2.4. Then we have for all n ∈ {0 . .
2.3.2. Pressure and saturation estimates. Existence of a solution to the scheme In the following, we first prove the pressure and saturation estimates and then deduce the existence of solutions to (9) , (23), (26), (27) .
Pressure estimate We first state the following result whose proof exactly follows the steps of Proposition 2.2. 
2 be a solution to (9) , (23), (26), (27) . Then the pressure field p
where C 6 depends on C Υ,inf , C Υ,sup , β, γ, ρ 2 , g, d and Ω.
In the implicit case, we must also prove the saturation estimates before stating the existence of solutions to the scheme.
Saturation estimate
Proposition 2.5. Under Assumptions 1.1 let D be an admissible discretization of the domain Ω × (0, T ) in the sense of Definition 2.3. For a time step 0 δt T , the scheme defined by (9) , (23), (26), (27) satisfies
Proof. We prove (29) by induction on n.
For n = 0, according to our assumption H1-4 and the definition of u 0 K given by (9) , (29) is satisfied. Now suppose that (29) holds for n ∈ {0 . . . M }. If there exists K ∈ T such that u n+1 K < 0, then we have
Next, due to Lemma A.1, we invoke the decreasing behavior of the function
But let us recall that, due to H1-3, we have η 1 (u) = 0 and η 2 (u) = η 2 (1), ∀u 0. Thus Similarly, we supppose that there exists K ∈ T such that u n+1 K > 1. Then we obtain
This implies
Still invoking the decreasing behavior of the function
Kmax,L , because for all u 1 η 1 (u) = η 1 (1) and η 2 (u) = 0. But recall (26)
Therefore u n Kmax > 1. This last inequality is again in contradiction with the induction hypothesis.
Finally the two former contradictions give rise to ∀K ∈ T , 0 u n+1 K 1, which is the desired result. 
2 to the system (9), (23), (26), (27) .
Proof. Here we only give the main ideas of the proof. The notations used in the following are the same as in the proof of Proposition 2.2.
Let us consider the set
Let K 0 be an arbitrary element of T . We define the continuous mapping
Obviously, ψ λ is continuous with respect to λ,p T andũ T .
We set b = (0 R N , u M ) with ∀K ∈ T , 0 u K 1. Reproducing the proof of Propositions 2.4 and 2.5, we get
For λ = 0, the linear system ψ λ (p M ,ũ M ) = b has a unique solution. Hence
For λ = 1, the system ψ λ (p T ,ũ T ) = b boils down to (23) , (26), (27) . Thus, the former system admits at least one solution.
Before dealing with numerical examples, we mention the difficulties of proving the convergence of the explicit and implicit schemes.
Some remarks about the convergence of the schemes
Let (D m ) m∈N be a sequence of admissible discretizations in the sense of definition 2.3 such that
2 be the solutions to (9), (23), (26), (27) for the implicit case or to (9)- (11), (15) for the explicit case under the CFL condition (20) . We have proved that such solutions satisfy
Consequently, there exist a function u ∈ L ∞ (Ω × (0, T )) and a subsequence
toward u for the weak-* topology. In the same way, due to assumption H1-3, for α ∈ {1, 2}, there exist a function
)) n∈{0...M ϕ(m) } which converges toward kr α in the weak-* sense. In general, we do not have kr α = kr α (u) because of the nonlinearity of the mobilities. The second difficulty is due to the convergence on pressure. In both implicit and explicit cases, we have established that
where C is a constant independent of the sequence D m . So, for both schemes, for almost every t ∈ (0, T ), there exist a function p t ∈ L 2 (Ω) and a subsequence p M ϕ(m) (., t) which converges weakly in L 2 (Ω) toward p t . From the discrete H 1 -seminorm, we deduce that p t ∈ H 1 (Ω) and that, up to a subsequence, − → ∇p Mm also converges weakly in L 2 (Ω) toward − → ∇p t . Thus in the transport terms, both mobilities and pressure gradients converge in weak senses, but we can't say anything about their product. Suppressing the terms of gravity and using linear mobilities and constant total mobility, we can use the result of [18, 33] which proves the convergence of the implicit and explicit schemes.
We will now illustrate this mathematical study with numerical examples.
Numerical tests

Numerical data
In this section, we detail the common numerical data used in the two following tests. These tests have been carried out using the software designed for the basin simulation. The dimensions of the domain are given in meters and the time is counted in millions of years.
Properties of the fluids:
Properties of the rock:
The absolute permeability is given by the Kozeny-Carman formula [32] : 
1-D test
Let Ω = (−500, 0) and D = (−500, −400). The porosity is constant in the domain and equals to 0.1. u ini is defined by
− → g is oriented according to the decreasing z's. The domain is provided with a regular cartesian mesh. We denote by ∆z the space step. This test consists in having oil risen by gravity up to the top of the column situated on z = 0. At this place, oil piles up because of the impermeability of the boundary. At t = 0.1 M y, Figures 1, 2 show the numerical convergence of the explicit scheme in pressure and saturation. For the error calculations, a numerical reference solution has been computed with ∆z = 0.5 m. Linear regressions give an order of 2.0395 for the pressure calculation and an order of 0.8616 for the saturation calculation. Figures 3 and 4 show, respectively, the difference p − p hydro and the saturation obtained at t = 0.1 M y for different space steps. p − p hydro is defined by p − ρ w gz. u ini is defined by
The domain is provided with a regular cartesian mesh with a space step equal to 100 m (60 × 30), (see figure 5 with a coarser mesh). 
Concluding remarks
In this paper, we have proved that estimates in pressure and saturation can lead to the existence of solutions to the implicit and explicit schemes in the presence of gravity terms.The numerical examples lead one to suppose that the behavior of the scheme is convergent as the size of the mesh tends toward zero. This seems to indicate that strong convergence properties hold for the pressure and saturation. Some steps could be taken in this direction letting η T = C, where C is a constant value. In this case, an elliptic problem with a nonlinear right-hand side arises, which leads to difficulties of finding estimates yielding convergence properties. Like in this paper, we could only deduce a weak convergence property of the pressure gradient and the problem is much more difficult with a nonconstant total mobility. Another approach consists in adding a capillary term, which makes the model more realistic from the physical point of view. But the study of the phase-by-phase upstream weighting scheme remains complex: since the L ∞ -estimate was already a challenge without gravity term, the addition of this term promises to make the study more difficult. L 2 (0, T, H 1 )-estimates also seem to be quite difficult to obtain.
A. Properties of the function F :
Lemma A.1. Under Assumptions H1-3 the function F (., ., Q, G) defined by Definition 2.4 is nondecreasing Lipschitz continuous with respect to its first argument and nonincreasing Lipschitz continuous with respect to its second argument. Both Lipschitz constants are bounded by C η (|Q| + |G|), where C η depends on the mobilities η α , α ∈ {1, 2}.
Proof. Due to (14) , it is sufficient to consider the cases:
1. Q 0 and G 0, 2. Q 0 and G > 0.
Throughout this proof, we consider four real values a, b, a , b such that a a and b b and we often use the monotonicity of the functions η α , α ∈ {1, 2} (Assumption H1-3).
1. Q 0 and G 0:
We have
We must discuss three subcases according to the sign of the quantities Q+Gη 2 (a ) and Q + Gη 2 (a).
Introducing Qη 1 (a )η 2 (a ), we get after simplifications 2. Q 0 and G > 0:
Study of F (., b, Q, G):
We have Q − Gη 1 (a) Q − Gη 1 (a ).
As in the first case, we must discuss the sign of Q − Gη 1 (a) and Q − Gη 1 (a ): Taking into account the different cases, we set C η = max 3C 1 , 3C 2 ,
Remark A.1. Without itemizing all various cases, we can directly prove that F (., ., Q, G) is a Lipschitz continuous function. Indeed, this function is a C 0 and piecewise C 1 application on R × R. Thus, we obtain the result using the following proposition and recalling that a continuous function f : R → R admitting a distribution derivative Df ∈ L ∞ (R), is Lipschitz continuous.
Proposition A.1. Let f : R → R be a continuous function with continuous derivatives except for the finite increasing sequence of points. Then f has a distribution derivative denoted by Df which satisfies Df (x) = f (x), f or a.e. x ∈ R, with f being the classical derivative of f .
